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Abstract. We construct new examples of self- translating surfaces for the 
mean curvature flow by desingularizing a periodic configuration with infin- 
itely many grim reaper cylinders. These surfaces show that self-translating 
solutions do not necessarily have polynomial volume growth rate. 

1. INTRODUCTION 

A surface M C R 3 is said to be a self -translating solution or soliton if it satisfies 
(f ) H-eyv = 0, 

where H is the mean curvature, v is the unit normal vector such that H = Hv 
and H is the mean curvature vector. Without loss of generality, we have chosen 
the velocity of the translation to be e z , the third coordinate vector. As the name 
indicates, a surface M is self-translating if and only if the t-time slice of a mean 
curvature flow starting at M is M t = M + te y . 
The cylinder over the grim reaper given by 

(2) f = {(x,y,z) G (-7r/2,7r/2) x R 2 | y = -ln(cosz)} 

is an example of self-translating surface in R 3 . Let us denote by T n the grim reaper 
cylinder T shifted by (b n , c n , 0), for real numbers b n and c n . With a slight abuse of 
language, we will also call T and its translated apparitions grim reapers. Other ex- 
amples of solitons include rotationally symmetric surfaces [T] , a non-graphical genus 
one rotationally symmetric soliton [2], and examples desingularizing the intersec- 
tion of a finite family of grim reapers in general position [5]. In higher dimensions, 
the existence of convex non fc-rotationally symmetric self-translating surfaces in 
R n ,n > k, are given by Wang [5J. 

In this paper, we show the existence of a family of doubly periodic self-translating 
surfaces. The period in the e x direction can be taken to be any real number, except 

±f,?eN. 

Theorem 1. Given a vector a = (a x ,a v ,0) G R 3 with a x ^ and a x ^ 
5 £ N, there exists a one parameter family of surfaces {M} f€ ^ s f ), with 5 f > 
depending only on a such that Mf is a surface satisfying ([T]) that is invariant under 
the translation by a and periodic of period 2nf in the z-direction. 
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The surfaces from Theorem [T] show that in general, self-translating surfaces do 
not have polynomial area growth. We contrast this with the recent result from [3] 
that provides polynomial volume growth for self-shrinkers. 

Theorem [I] follows from an extension of the result from [5]. Indeed, we show 
below that given a periodic configuration G = Uyez Un^iO^n + ja) in general 
position, it is possible to desingularize G to obtain self-translating surfaces. One 
proves Theorem [l] by choosing an adequate family (J^i^n depending on a. Let 
us assume from now on that a ■ e z = 0. 

Definition 2. A periodic family of grim reapers G = Ujez U^=i(rn is said 

to be in general position if it satisfies the following requirements: 

(i) there exists a constant e > such that the distance between any two as- 
ymptotic planes to G is at least e, 

(ii) no three grim reapers intersect on the same line. 

Let us denote by 8 the minimum of the distance between two intersection points 
of Gn {z = 0} and by Sr the minimum measure of the angles formed by intersecting 
grim reapers and of the angles the grim reapers form with e y at the intersection 
points. Note that both S and <5r are positive because there are finitely many inter- 
sections within a period. 

We denote by Nj the number of intersection lines within a period of G (i.e. 
between the planes x = c and x = c + a ■ e x , where c is taken generically) ; Nj 
is different from the number of intersections of Un=iC^ n + j°)- We ass °ci a te a 
positive integer to each intersection line, which allows us to take different scales 
at different intersections, making the construction as general as possible. 

Theorem 3. Given a finite family of grim reapers G = Ujez Un^iC^n + j°) i n 

general position, there is a one parameter family of surfaces {Mf}fe(o,6 f )> with Sf 
depending only on Nj, maxfc(mfc), 8, and Sr satisfying the following properties: 

• M.f is a complete embedded surface satisfying ([I]). 

• M.f singly periodic of period 2ttt in the z-direction. 

• A4f is invariant under the translation (x, y, z) i— > {x + a ■ e x , y + a ■ e y , z). 

• If U is a neighborhood in R 2 such that U x R contains no intersection 
line, then Mf H (U x R) converges uniformly in C r norm, for any r < oo, 
t0 (U jez U^i(f n + ja)) n (U X R) as f -> 0. 

• U Tkj is the translation parallel to the xy-plane that moves the kth inter- 
section line of the jth period to the z-axis, then f~ 1 Tkj(A4f) converges 
uniformly in C r , for any r < oo, on any compact set of R 3 to a Scherk 
surface with rrif. periods between z = and z = 2?t as f — > 0. 

The proof is similar to the one from where we desingularized a finite family 
of grim reapers in general position. Many of the steps from the previous article 
(construction of desingularizing surfaces and initial approximate solutions, study 
of the associated linear operator, and application of fixed point theorem) are valid 
here provided one has enough flexibility to change the tangent vectors at each in- 
tersection slightly while keeping the initial configuration embedded. The flexibility 
is needed to deal with the small eigenvalues of the linear operator associated to 
H — e y ■ v. In [5], we started by fixing the left sides of the grim reapers and propa- 
gating the errors caused by the flexibility to the right. The family of grim reapers 
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was finite, so the accumulation of errors was bounded. In the present proof, we 
start by fixing well chosen grim reaper edges and let the free grim reaper ends 
absorb the movement from the dislocations at the intersections. 

This article is to be read as an extension of [5] and we rely on the reader's 
familiarity with either [5] or [4]. The rest of the article is structured as follows. In 
the next section, we prove Theorem [l] assuming Theorem [3j In Section [3j we show 
that our periodic configuration has enough flexibility. In Section [4j we outline the 
main steps of the proof of Theorem [3] 

Acknowledgment. The present paper is a result of a discussion with Sigurd An- 
gencnt on whether the mean curvature H on M \ Br tends to as R —> oo for a 
self-translating surface M. The author would like to thank him for many discussions 
and suggesting this counterexample. 

2. Proof of Theorem Q] given Theorem [3] 

We show that for a vector a as in Theorem [lj we can find a periodic family of 
grim reapers in general position invariant under translation by a. To simplify the 
proof, we assume without loss of generality that a x > 0. 

Case 1: tt > a x > ir/2. This is the simplest case, where we just take G = Ujez ^+ 
ja. The jth grim reaper T + ja intersects only its neighbors T + (J ± l)a and the 
distance between two asymptotic planes is bounded below by min(7r — a x , 2a x — tt). 

Case 2: a x > tt. Let K be a positive integer such that Ktt > a x > Kir/2 
(for example, K := + 1). We can fall back on the first case by consider- 

ing Ujgz (UiLo 1 r + l+ K^ ^j ' nowever t ne configuration is really invariant under 
translation by a/K. To kill all periods smaller than a, we take {di}^ 1 a set of dis- 
tinct vectors in R 3 for which d — 0, dj • e 2 = 0, and |dj| < ^ min(7r — ^ff- — tt) 
for i — 0, . . . , K — 1. The configuration 

jez \ i=o / 

yields a self-translating surface invariant under the translation by a if f is small 
enough. Indeed, Theorem [3] states that the smaller f is, the closer the constructed 
self-translating surface is to the initial configuration G. Therefore, for f small 
enough, the self-translating surface will not be invariant under translations by ij^, 
i= 1,...,K- 1. 

Case 3: ir/2 > a x > with (ij^i^geN. In this case, the periodic family of 
grim reapers is just 

G= \Jf +ja. 

We now show that it is in general position. Let K be the smallest integer so that 
Ka x > tt. From the conditions on a x , (K — l)a x =/= tt and the distance between any 
two asymptotic planes of G is either a Xl tt — (K — l)a x , or Ka x ~ tt. The last step is 
to prove that there are no triple intersection by contradiction. In what follows, we 
consider G n {z = 0} to simplify the vocabulary. Without loss of generality thanks 
to the periodicity, we can assume that the left-most grim reaper is T and that for 



4 



XUAN HIEN NGUYEN 



two integers i, j with < i < j < K, we have r n (r + id) n (r + ja) = {p}. Using 
the periodicity of G, we have that (T + (j — i)a) n (r + ja) = {p + (j — i)a} and 
(r + ja) n (r + (j + i)a) = {p + ja}. The grim reaper T + ja passes through the 
three collinear points p, p + (j — i)a, and p + ja, which is not possible, therefore 
there can not be any triple intersection. 

3. Initial configuration 

In this section, the third dimension does not add any information, so we work 
with cross-sections in the £y-plane. We start by giving uniform lower bounds on 
all the intersection angles. 

Lemma 4. Given G = Ujgz Un^iC^n + jo) a family of grim reapers in general 
position, there exist positive numbers 5 and Sr such that 

• the four angles formed at the intersection of any two grim reapers are 
greater than 30<5r, 

• any tangent vector to a grim reaper at an intersection forms an angle 
greater than 30<5r with e y , 

• the arc length distance on the grim reapers between any two intersection 
points of G H {z = 0} is greater than 26. 

Proof. Let us recall that each T n is the surface T from |2| shifted by (b n , c n , 0) . Let 
K be the smallest integer for which 

^1^x1 > I 7r + max b n — min b n ) . 

\ l<7i<N r l<n<N r J 

In Lemma 3 in [S] , we proved these properties for a finite family of grim reapers in 
general position. Lemma |4j here follows because Ui<j<«: U^iC^n + is a finite 
family in general position and contains all the relevant intersection points. Note 
that part (i) of Definition 2 in [S] requires that \b n — b m — kn\ > e for n ^ m and 
for all integers k. This is more restrictive than necessary and can be replaced by (i) 
Definition [2] given here without any changes in the rest of [5] . Moreover, the angle 
7r/2 — 30<5r should be replaced by 7r/2 in (i) Lemma 3 of [5]. □ 

3.1. Construction of a flexible initial configuration. There are exactly four 
unit tangent vectors emanating from each intersection point pk, k = 1, . . . , Ni. We 
denote them by Vki, «fc2, ^^3, and Ufe4, where the number refers to the order in 
which they appear as we rotate from e y counterclockwise. The goal of this section 
is to perturb G into a configuration G for which the tetrad of directing vectors 
T k = {v k i,v k2 ,v kz ,v ki \ satisfies 

Z(-v k i,v k3 ) = 20k,i, Z(-v k2 ,v k 4) = 29 k ,2, 

where &k,i and 9 k ^ are two small angles. These angles measure how much the pairs 
of vectors (v k i,v k z) and {v k 2,v k i) fail to point in opposite directions. The process 
of changing the directing vectors at an intersection is called unbalancing and will 
help us deal with small eigenvalues of the linear operator L — A + \A\ 2 , which 
is the operator associated to normal perturbations of the mean curvature H. As 
we scale down the desingularizing Scherk surfaces to fit into a small neighborhood 
of the intersection lines, the contribution of H dominates and the equation Lv = 
E will capture the behavior of the linearized equation associated to ([lj on the 
desingularizing surface. The operator L has a kernel of dimension 3 generated 
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by e x ■ v, e y ■ v, and e z ■ v. We can rule out e z ■ v by imposing a symmetry, 
namely that the final surface be invariant under the reflection z M- — z. To deal 
with the other two eigenfunctions at each intersection, one can add or subtract 
a linear combination of eigenfunctions to the inhomogeneous term E in order to 
land in the space perpendicular to the kernel, where L is invertible. The key to a 
successful construction is to be able to generate these linear combinations by slight 
unbalancing of the initial configuration. 

Proposition 5. Given 9 := {Ok,ii ^ka^Li! one can perturb G into a configuration 
G so that the tetrad of directing vectors 2\ = (v^i, Vk2> Vk3i v^a) at pk, the kth 
intersection point of G, satisfies 6i(Tk) = 9k,i and ^aC^fc) = $fc.2 for k = 1, . . . , iVj. 
Moreover, there exists a constant S' e > depending only on Nj, 8r, and e such that 
G is embedded if \9\ < S' g . 

Before starting the proof, we give some terminology. We say that two points p 
and q are equivalent and write p ~ q if there is a k 6 Z for which p + ka = q. In 
the proof below, we take the quotient of the configurations with the respect to this 
equivalence and denote both the configuration and the corresponding quotient by 
the same letter. The edges of a configuration G are the closures of the bounded 
connected pieces of G \ {intersection points of G}. The rays are the closure of the 
unbounded pieces. We say two edges (rays, or grim reapers) are equivalent when 
one is the image of the other under translation by a multiple of a. 

In the case of finitely many grim reapers, we started by unbalancing at intersec- 
tion points on the left side and propagated the perturbations to the right. Because 
there were finitely many intersection points, we accumulated finitely many error 
terms, which could then be bounded. Here, the strategy is to fix a "low edge" on 
each grim reaper then modify the intersection points and pieces of grim reapers as 
we move upward. 

Proof. Part 1. We start defining the bottom of the configuration given by 
(3) B x = {q e G | y(q) = mm y(q')}. 

Because G is periodic and connected, Bi is connected and composed of edges from 
distinct grim reapers. We can assume by renumbering if necessary, that B\ contains 
edges from the first N\ grim reapers and also contains the first Ni intersection 
points, 1 < Nx < Nr- We define B\ := B\ and take it as part of G. All the 
intersection points p& := pk, k = 1, . . . , N± are now fixed as well as the second and 
third directing vectors, Vk2 '■= Vk2 and Vk3 '■= «fc3 for k = 1, . . . , N%. 
For an intersection point p € G, we define its level (see Figure [TJ: 

• Level 1: an intersection point is at level 1 if it is in B%. 

• Level j: an intersection point is at level j if it is not in any level below j 
and if it is the endpoint of two different edges with level (j — 1) endpoints. 

• Level oo: an intersection point is at level oo if it is not at any finite level. 

The number of nonempty levels is finite because the number of intersection points 
is finite. We denote by N^ij^ the number of intersection points at level j or below 
and we can assume by renumbering if necessary that pk, 1 < k < Nnj) is of level 
j or lower. 

Algorithm for constructing a partial flexible configuration. We now show how 
to construct the new level j intersection points assuming that the points pk, k — 
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1, . . . t N(i t j_i\ are defined as well as their directing vectors Vk2 and v^z- At pk, 
k = 1, . . . , iV(x,j-i), the directions Ufci and are determined by 6^,1 and 9k,2- We 
attach two pieces of grim reapers at pk, with tangent directions given respectively 
by Vk3 and VkA- The point pi corresponding to a level j point pi 6 G is the 
intersection of the corresponding newly modified pieces of grim reapers emanating 
from its neighbor level (j — 1) (or lower) points. The second and third directing 
vectors at pk are given by the newly modified grim reaper pieces. 

Using the algorithm, we construct new intersection points corresponding to 
points of G with finite level. We complete Part 1 by finding the directions Vk3 
and Vk4 for all the points with highest finite level and attaching modified pieces 
of grim reapers with tangents in these directions. We denote the resulting partial 
configuration G\ and note that G\ does not have any information from T ni n > N±. 

Let us assume that Part (m-1) has been completed and we obtained the partial 
configuration G( TO _i) involving the grim reapers T n , n < N m —i < Nr- 

Part m. We define G* n := U je z Um>]v m _ 1 T„ + ja to be the rest of the config- 
uration and the bottom of G* m by 

B m = {q E G* m I y(q) = min y(q')}- 

q'eG,x(q')=x{q) 

Let B m be the closure of a bounded connected component of B m \ We 
fix B m , therefore the intersection points in the interior of B m are fixed as well 
as two of their directing vectors. For an endpoint of B m , the direction pointing 
toward the interior of B m is fixed, and we fix the edge joining the endpoint to an 
intersection point of G( jn _iy These two directing vectors for the endpoints are not 
necessarily in the second and third directions but they are not opposite. We can 
assume by renumbering if necessary, that B m contains edges from the grim reapers 
r„, N m -x <n< N m . 

For an intersection point p € G, we redefine its level (see Figure [2]): 
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one of three possible 

choices for $2 



Figure 2. Levels of the points of intersection in Part 2 for this 
choice of 82- Not to overcrowd this figure, we took Okj = for 
fe = 1, . . . , 4 and j = 1,2 so that G x = \J jeZ (J^ ?„ + jet. 

• Level 1: an intersection point p is at level 1 if its corresponding constructed 
point p is in B m or in G( m _i). 

• Levels j and 00 are defined as in Part 1. 

We can use the algorithm for constructing a partial flexible configuration for con- 
structing new level j intersection points assuming that the intersection points corre- 
sponding to level (j — 1) or lower are already defined, as well as two of their directing 
vectors. Although the two fixed directing vectors are not necessarily pointing in 
the second and third direction in this case, the algorithm is easily modified. We 
finish Part m by finding the last two directing vectors for all the points with high- 
est finite level and attaching modified pieces of grim reapers with tangents in these 
directions. The resulting partial flexible configuration is denoted by G rn . 

There are finitely many parts because the number of grim reapers in one period 
is finite and in each part, we modify finitely many intersection points so the con- 
struction ends in finitely many steps. The choice of B m , m > 1 may not be unique, 
but after the first time we choose all the B m , we have an order in which to perturb 
the intersection points of G; we will always keep the same order for the same ini- 
tial configuration G. The existence of the constant S' g follows from Proposition 5 
[5], which proves the smooth dependence between the position of the intersection 
points, grim reaper positions, and directing vectors. □ 

4. Initial surfaces and the perturbation problem 

The rest of construction follows along the steps of [5] and we outline them here. 

• We construct desingularizing surfaces to replace intersection lines by ap- 
propriately dislocating and bending original Scherk minimal surfaces. The 
dislocation is to ensure that the desingularizing surface can fit into an 



8 



XUAN HIEN NGUYEN 



unbalanced configuration and to deal with small eigenvalues of the linear 
operator. The main purpose of the bending is to guarantee exponential 
decay of solutions to the linearized equation on this piece of surface. 

• We define a family of initial surfaces, which are approximate solutions 
to ([!]), by fitting appropriately bent and scaled Scherk surfaces at the 
intersection lines. The fitting of the desingularizing Scherk surfaces moves 
the edges and the grim reapers ends slightly; however, it does not change 
the position of the intersection lines so the periodicity can be preserved. 
The errors created can be controlled (see Proposition 33 and Corollary 34 

0)- 

• We study the linear operator C associated to normal perturbations of 
H — e y • v. The linearized equation Cv = E can be solved, modulo the 
addition of correction functions to the inhomogeneous term. These cor- 
rection functions can be generated by the flexibility build into G and the 
construction of the desingularizing surfaces (see Propositions 38 and 45 
0). 

• With the correct norms on the initial surfaces, we apply a fixed point 
theorem to find exact solutions (see Theorem 48 [S]). The number of 
parameters introduced during the construction of the initial approximate 
solutions is finite because the number of intersections within a period is 
finite. At this point, it is worth noting that the obstacle that prevents us 
from constructing a infinite dimensional family of self-translating surfaces 
based on an initial configuration such as 

y f +ja+bj, 

where bj are vectors in R 2 x {0} with |bj| < 6, is not the lack of flexibility 
but the fact that we would have infinitely many parameters. Even if the 
parameters are uniformly bounded, the current proof, which uses a fixed 
point theorem in the final step, would not apply here because an infinite 
countable product of compact intervals is not a compact Banach space. 

References 

[1] S. J. Altschuler and L. F. Wu, Translating surfaces of the non-parametric mean curvature 
flow with prescribed contact angle, Calc. Var. Partial Differential Equations, 2 (1994), pp. 101— 
111. 

[2] J. Clutterbuck, O. C. Schnurer, and F. Schulze, Stability of translating solutions to 
mean curvature flow, Calc. Var. Partial Differential Equations, 29 (2007), pp. 281—293. 

[3] Q. Ding and Y. L. Xin, Volume growth, eigenvalue and compactness for self-shrinkers, 
preprint, arXiv:1101.1411vl. 

[4] N. KAPOULEAS, Complete embedded minimal surfaces of finite total curvature, J. Differential 
Geom., 47 (1997), pp. 95-169. 

[5] X. H. Nguyen, Complete embedded self-translating surfaces under mean curvature flow, Jour- 
nal of Geometric Analysis, (to appear). 

[6] X.-J. WANG, Convex solutions to the mean curvature flow, Ann. of Math. (2), 173 (2011), 
pp. 1185-1239. 

Department of Mathematics, Iowa State University, Ames, IA 50011 
E-mail address: xhnguyen9iastate.edu 



